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ON THE MOMENT LIMIT OF QUANTUM OBSERVABLES, WITH AN
APPLICATION TO THE BALANCED HOMODYNE DETECTION
J. KIUKAS AND P. LAHTI
Abstrat. We onsider the moment operators of the observable (i.e. a semispetral measure
or POM) assoiated with the balaned homodyne detetion statistis, with paying attention
to the orret domains of these unbounded operators. We show that the high amplitude limit,
when performed on the moment operators, atually determines uniquely the entire statistis
of a rotated quadrature amplitude of the signal eld, thereby verifying the usual assumption
that the homodyne detetion ahieves a measurement of that observable. We also onsider, in
a general setting, the possibility of onstruting a measurement of a single quantum observable
from a sequene of observables by taking the limit on the level of moment operators of these
observables. In this ontext, we show that under some natural onditions (eah of whih is
satised by the homodyne detetor example), the existene of the moment limits ensures that
the underlying probability measures onverge weakly to the probability measure of the limiting
observable. The moment approah naturally requires that the observables be determined by
their moment operator sequenes (whih does not automatially happen), and it turns out, in
partiular, that this is the ase for the balaned homodyne detetor.
1. Introdution
The balaned homodyne detetion has long been an important tool in quantum optis, be-
ause it is assumed to provide a way to measure the rotated quadrature amplitudes
1√
2
(e−iθa+
eiθa∗) of a single mode eletromagneti eld. (See [30, 29, 31, 8, 11, 3℄ for theoretial on-
siderations.) An important appliation of this tehnique is the quantum state estimation, i.e.
quantum tomography (See [23℄ for a olletion of artiles onerning this topi.) The signi-
ane of the homodyne measurement in that ontext is due to the fat that the totality of the
rotated quadratures onstitute an informationally omplete set of observables, so that a quan-
tum state is determined by their ombined measurement statistis. The balaned homodyne
detetion also plays a role in e.g. ontinuous variable quantum teleportation [9℄.
The measurement sheme is the following: A signal eld is mixed with an auxiliary eld
by means of a 50-50 beam splitter (possibly followed by a phase shifter), and the dierene of
photon numbers on the output ports of the splitter is deteted. The auxiliary eld is taken to
be an osillator in a oherent state, operating with the same frequeny as the signal eld. When
the strength of the auxiliary eld is high, the above mentioned photon dierene statistis are
onsidered to resemble those of a rotated eld quadrature, the rotation angle being identied
as the xed phase dierene between the input signal and auxiliary elds.
The simplest desription of this phenomenon is the following: Assuming that the beam
splitter is lossless and auses no phase shift between the input modes, the proess is desribed
by a unitary operator U (see [24℄), transforming the eld annihilation operators a (signal) and
b (auxiliary) into a˜ = U∗aU = 1√
2
(a−b), and b˜ = U∗bU = 1√
2
(a+b). With respet to the initial
state of the two-mode eld (Heisenberg piture), the photon number dierene observable is
1
then b˜∗b˜−a˜∗a˜ = ab∗+a∗b, provided that the photon detetors are ideal. (Of ourse, these formal
operator relations are made preise by restriting the operators to a suitable dense subspae of
the tensor produt Hilbert spae assoiated with the two mode system.)
Aording to the heuristi explanation, the strong auxiliary eld an be treated lassially,
by replaing b with the omplex eld amplitude β = reiθ in the above operator, with θ identied
as the phase relative to the input signal eld. Consequently, by suitably saling the resulting
operator with a fator proportional to the intensity of the auxiliary eld, one reovers the
rotated quadrature
1√
2
(e−iθa+ eiθa∗).
When the auxiliary eld is treated aording to quantum mehanis, the high amplitude limit
must be onsidered more arefully. This kind of treatment was already given in [29℄, where the
balaned homodyne detetion sheme was rst proposed. In that paper, however, as well as in
[31℄, only the rst and seond moments of the photon dierene statistis were alulated before
taking the limit. As is well known, these do not neessarily determine the entire statistis. The
limit proedure, as well as the photon dierene statistis for nite amplitude, were examined
more arefully in [8℄ and [11℄, by onsidering the asymptoti behavior of the harateristi
funtions of the assoiated probability measures using formal operator series expansions. In
[28℄, the sheme was desribed in terms of positive operator measures, and the harateristi
funtions for the probability measures orresponding to the oherent input states of the signal
eld were alulated. The high amplitude limit for these funtions was then shown to be equal to
the harateristi funtions for the orresponding statistis of the rotated quadratures, and the
Levy-Cramer theorem was applied to prove that the assoiated probability measures atually
onverge weakly, in the sense dened in [4, p. 11℄. (The same theorem had been previously
applied to the unbalaned, homodyne detetor, with a similar onlusion [17℄.) However, in the
alulations leading to the above mentioned harateristi funtions, some of the problemati
matematial questions (like term-by-term integration of a series) were not expliitly disussed,
making it diult to verify whether the treatment was entirely rigorous.
In this paper, we onsider the problem of the high amplitude limit in view of the moment
operators L(xk, E) of the observables (i.e. semispetral measures) E arising from the homodyne
detetion statistis. (The moment operator L(xk, E) is basially the weak operator integral
of the power xk over E; the preise denition of this unbounded operator will be given in
the next setion.) The moment approah was used also in [3℄, where the authors studied the
moment operators of the observable obtained when taking into aount the imperfetness of the
photon detetors. They viewed the moment operator sequene as the olletion of operational
observables desribing the eets aused by the measuring arrangement, as opposed to the
intrinsi observable, the rotated quadrature, whih is the observable intended to be measured.
However, they dismiss the limit problem by applying the heuristi lassial approximation of
the auxiliary eld to the harateristi funtions, so that their results do not ontribute to our
problem.
We begin our approah in a more general setting: We take a sequene (En)n∈N of measure-
ments (that is, observables), with the property that for eah k ∈ N and (a suitable) vetor
state ϕ, the numerial sequene (Mkn,ϕ)n∈N onverges, where M
k
n,ϕ ∈ R is the kth moment of
the outome statistis obtained by measuring En in the state ϕ. (Note that these moments
are the averages of the moment operators of the orresponding observables.) Then we onsider
the question under what onditions there exists a unique limiting observable E, suh that the
moments Mkϕ of the measurement outome statistis of E in the state ϕ would be obtained
2
as Mkϕ = limn→∞M
k
n,ϕ. Also, we study the impliations of this onvergene on the level of
the eet operators En(B), B ∈ B(R), as well as the probability measures (i.e. measurement
statistis) assoiated with the observables. The onsiderations are based on the elements of
lassial probability theory: the method of moments as well as the theory of weak onvergene
and ompatness of probability measures (see e.g. [4℄ and [5℄).
Setion 3, 4, and the two appendies are devoted to the above onsiderations. Having investi-
gated the general questions, we show that the moments assoiated with the balaned homodyne
detetion t into this sheme: In setion 5, we give a simple expression for the observable mea-
sured by the homodyne detetor as a Naimark dilation, whih we use in setion 6 to determine
the essential properties of the moment operators of that observable. The purpose of setion 7 is
to demonstrate an easy (and mathematially unproblemati) way of alulating the harater-
isti funtions for the probability measures orresponding to the oherent states, and thereby
verify the similar result in [28℄ mentioned above. We do not, however, need these harateristi
funtions in our moment approah.
In the nal setion, we gather the results together to provide a onlusion onerning the
high amplitude limit.
2. A few general notations and definitions
Let H be a omplex Hilbert spae and let L(H) stand for the set of bounded operators on
H. For any (not neessarily bounded) operator A in H, we denote by D(A) the domain of
denition of A. If A is a selfadjoint operator, we let EA : B(R)→ L(H) be the unique spetral
measure of A, where B(R) is the Borel σ-algebra of R. For any two vetors ϕ, ψ ∈ H, we let
|ϕ〉〈ψ| denote the operator η 7→ 〈ψ|η〉ϕ.
If Ω is a set and A a σ-algebra of subsets of Ω, a weakly (or, equivalently, strongly) σ-additive
set funtion E : A → L(H) with E(B) ≥ 0 for all B ∈ A, and E(Ω) = I, is a semispetral
measure (also alled a normalized POM). For eah ψ, ϕ ∈ H, the salar valued set funtion
B(R) ∋ B 7→ 〈ψ|E(B)ϕ〉 ∈ C is then a omplex measure, and we will denote it by Eψ,ϕ. For
eah positive operator T of trae one, we let ET : A → [0, 1] be dened by ET (B) = Tr[TE(B)].
Then ET is a probability measure. For a unit vetor ϕ ∈ H, we then have E|ϕ〉〈ϕ| = Eϕ,ϕ, and
we write simply Eϕ to denote this probability measure.
The operator integral [20℄ is the basi tool in our approah. If E : A → L(H) is a semispetral
measure, and f : Ω → C a measurable funtion, there exists a unique (not neessarily densely
dened) linear operator L(f, E) on H, suh that
〈ψ|L(f, E)ϕ〉 =
∫
f dEψ,ϕ, ψ ∈ H, ϕ ∈ D(f, E),
where the domain D(f, E) is the set of those vetors ϕ ∈ H for whih the funtion f is
integrable with respet to the omplex measure Eψ,ϕ for all ψ ∈ H. We will mostly use the
square-integrability domain
D˜(f, E) = {ϕ ∈ H |
∫
|f |2 dEϕ <∞},
whih is a (possibly proper) subspae of D(f, E) [20℄. For onveniene, we will use the symbol
L˜(f, E) to denote the restrition of L(f, E) to D˜(f, E).
When the Hilbert spae H is assoiated with a quantum system, any state of the system is
represented by a positive operator T of trae one, and an observable of the system is represented
3
by a semispetral measure E : A → L(H) (with the measurable spae (Ω,A) hosen suitably).
The assoiated probability measure ET then desribes the measurement statistis of E in the
state T . In this paper, we onsider only the ase (Ω,A) = (R,B(R)).
The kth moment operator of a semispetral measure E : B(R) → L(H) is the operator
integral L(xk, E) (where xk is the funtion x 7→ xk). Eah moment L(xk, E) is a symmetri
operator.
A semispetral measure E : B(R) → L(H) is a spetral measure, if E(B) is a projetion for
all B ∈ A. Then all the moment operators L(xk, E) are selfadjoint and densely dened, with
D(xk, E) = D˜(xk, E) and L(xk, E) = L(x, E)k for eah k ∈ N. Indeed, E is then the unique
spetral measure of the selfadjoint operator L(x, E).
3. Convergene of observables in terms of their moments
In the nal setion of the paper, we will see that the onvergene taking plae in the homodyne
detetion sheme an be speied by using the moment operators of the assoiated semispetral
measures. The purpose of the present setion is to preisely formulate the aforementioned
moment onvergene in the general setting, as well as to onnet it to the weak onvergene of
the probability measures assoiated with the semispetral measures in question. Throughout
the setion, H is a omplex separable Hilbert spae. (Separability is needed in the main results).
Denition 1. Let En, n ∈ N, and E be semispetral measures B(R) → L(H). If D ⊂
(∩n,k∈ND(xk, En)) ∩D(xk, E) is a dense subspae, suh that
lim
n→∞
〈ψ|L(xk, En)ϕ〉 = 〈ψ|L(xk, E)ϕ〉, k ∈ N, ψ ∈ H, ϕ ∈ D
(in partiular, eah limit in the left hand side exists), then we say that E is a moment limit for
(En)n∈N on D.
The following observation will be useful.
Proposition 1. Let D ⊂ H be a dense subspae, and let En and E be semispetral measures
B(R)→ L(H). Then E is a moment limit for (En)n∈N on D, if and only if for eah unit vetor
ϕ ∈ D, the probability measures Enϕ and Eϕ have all moments, and
(1) lim
n→∞
∫
xk dEnϕ(x) =
∫
xk dEϕ(x), k ∈ N, ϕ ∈ D, ‖ϕ‖ = 1.
Proof. If E is a moment limit for (En)n∈N on a dense subspae D, then D ⊂ D(x2k, E) ⊂
D˜(xk, E) for any k ∈ N, and D ⊂ D(x2k, En) ⊂ D˜(xk, En) for n, k ∈ N, and (1) learly holds.
Assume then that there is a dense subspae D, suh that eah xk is Enϕ- and Eϕ-integrable
whenever n ∈ N, ϕ ∈ D, ‖ϕ‖ = 1, and that (1) holds. Then D ⊂ D˜(xk, E) ⊂ D(xk, E), and
the same is true for any En in plae of E. Sine D is a subspae, the ondition (1) implies that
(2) lim
n→∞
〈ψ|L(xk, En)ϕ〉 = 〈ψ|L(xk, E)ϕ〉.
holds for any k ∈ N, ϕ, ψ ∈ D by polarization. Let ϕ ∈ D and k ∈ N. Sine eah En is a
semispetral measure, we have ‖L(xk, En)ϕ‖2 ≤ ∫ x2k dEnϕ(x) (see e.g the proof of [20, Lemma
A.2℄), and hene (1) implies that the sequene (L(xk, En)ϕ)n∈N is bounded. It follows that (2)
holds for all k ∈ N, ψ ∈ H, ϕ ∈ D (see e.g [2, Theorem 2, p. 47℄), so that E is a moment limit
for (En)n∈N (on D). 
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Remark 1. A sequene (En) of semispetral measures an have various moment limits E on
a subspae D. For a trivial example, take a onstant sequene En = µI, with µ a probability
measure whih is not determined by its moments, i.e. there exists another probability measure
with the same moments.
As the preeding remark demonstrates, the uniqueness of the moment limit of a sequene
of observables is onneted to the limiting probability measures being determined by their
moment sequenes. Reall that a positive measure µ : B(R) → [0,∞) is alled determinate, if
eah moment Mk :=
∫
xk dµ(x), k = 0, 1, 2 . . ., exists (and is nite) and the moment sequene
(Mk) determines the measure µ, i.e there is no other measure ν : B(R) → [0,∞) suh that∫
xk dν(x) = Mk for all k = 0, 1, 2, . . ..
Denition 2. Let E : B(R) → L(H) be a semispetral measure, and let D ⊂ H be a set. If
the positive measure Eϕ is determinate for eah ϕ ∈ D, then E is D-determinate.
Remark 2. It is easy to see that for a dense subspae D, a D-determinate semispetral measure
E is determinate, i.e. the only semispetral measure having the same moment operators as
E is E itself. In fat, assume that E is D-determinate with D a dense subspae, and let
E ′ : B(R) → L(H) be a semispetral measure suh that L(xk, E) = L(xk, E ′) for all k ∈ N.
Sine Eϕ is determinate for eah ϕ ∈ D, we have, in partiular, that
∫
xk dEϕ(x) < ∞ for all
ϕ ∈ D. Hene, D ⊂ D˜(xk, E) ⊂ D(xk, E) = D(xk, E ′) for all k ∈ N. Now Eϕ = E ′ϕ for all
ϕ ∈ D, sine Eϕ is determinate and L(xk, E)ϕ = L(xk, E ′)ϕ for all ϕ ∈ D. Using polarization
and the density of D, we get E = E ′, proving that E is determinate.
If D is not dense, a D-determinate semispetral measure need not be determinate. For
an example, let P ∈ L(H) be a projetion, µ a determinate probability measure on R (thus
having all moments), and dene Eν : B(R) → L(H) by Eν(B) = µ(B)P + ν(B)(I − P )
for eah probability measure ν with
∫ |x|dν(x) = ∞. Now eah suh Eν is a D-determinate
semispetral measure, but D(xk, Eν) = D˜(xk, Eν) = P (H), and L(xk, Eν) is the operator
P (H) ∋ ϕ 7→ (∫ xkdµ(x))ϕ ∈ H, so that the moment sequene of Eν does not depend on ν.
Remark 3. Although the onept of D-determinate semispetral measure may seem some-
what artiial ompared to the natural denition of determinate semispetral measure, many
existing physially relevant examples of the latter atually fall also into the former ategory. In
partiular, it was proved in [12℄ that the polar margins of a ertain physially relevant phase
spae semispetral measures are determinate, but from the proof we see that these semispe-
tral measures are atually D-determinate, where D ⊂ L2(R) is the linear span of the Hermite
funtions. In [13℄ it was shown that the artesian margins of the same phase spae semispe-
tral measures are C∞0 (R)-determinate, where C
∞
0 (R) is the spae of omplex valued ompatly
supported innitely dierentiable funtions.
The following result emphasizes the relevane of the onept of a D-determinate semispetral
measure in our onsiderations.
Proposition 2. Let En, n ∈ N, and E be semispetral measures B(R) → L(H), and D ⊂ H
be a dense subspae, suh that E is a moment limit for (En)n∈N on D. If E is D-determinate,
then E is the only moment limit for (En)n∈N on D.
Proof. Aording to proposition 1, any other moment limit E ′ on D satises ∫ xk dEϕ =∫
xk dE ′ϕ for all ϕ ∈ D. Sine E is D-determinate, it follows that Eϕ = E ′ϕ for all ϕ ∈ D,
whih implies E = E ′ by polarization and the density of D. 
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It is often diult to determine, whether a given semispetral measure is D-determinate for
a given subspae D. In some appliations, however, the relevant positive measures possess the
following stronger property [12℄: A measure µ : B(R) → [0,∞) is exponentially bounded, if∫
ea|x| dµ(x) <∞ for some a > 0. As mentioned in [12℄, suh a measure is determinate by e.g.
[16, Theorem II.5.2℄.
For a semispetral measure E : B(R)→ L(H), we let EE denote the set of vetors ϕ ∈ H for
whih Eϕ is exponentially bounded. Later we will need the following observation.
Lemma 1. For any semispetral measure E : B(R) → L(H), the set EE is a subspae of H,
and E is EE-determinate.
Proof. If ϕ, ψ ∈ EE, and c1, c2 ∈ C, we have
Ec1ϕ+c2ψ(B) = ‖E(B)
1
2 (c1ϕ+ c2ψ)‖2 ≤ (|c1|‖E(B) 12ϕ‖+ |c2|‖E(B) 12ψ‖)2
≤ 2|c1|2Eϕ(B) + 2|c2|2Eψ(B)
for all B ∈ B(R). This learly implies that also Ec1ϕ+c2ψ is exponentially bounded, showing
that EE is a subspae. The last statement follows from the previously mentioned fat that an
exponentially bounded measure is determinate. 
Having investigated the moment onvergene in detail, we now want to desribe this onver-
gene at the level of the probability distributions themselves. The motivation for this omes
partly from the fat that Vogel [28℄ laims that the relevant onvergene onept in the homo-
dyne detetor problem is the weak onvergene of all the probability measures assoiated with
the measured observables. In the denition below, we formulate this onvergene in terms of
the observables themselves. This formulation has been used e.g. in [7, Theorem 1℄ (where it
appeared without any spei name or physial ontext). One should reall the denition of the
weak onvergene of probability measures [4, p. 11℄: a sequene (µn) of probability measures on
B(R) onverges weakly to a probability measure µ : B(R) → [0, 1] if limn→∞
∫
f dµn =
∫
f dµ
for all bounded ontinuous funtions f : R→ R.
For eah B ⊂ R, we let ∂B denote the boundary of B, i.e. ∂B = B ∩ R \B. This notation
is needed in a haraterization of the weak onvergene, whih says that a sequene (µn) of
probability measures B(R)→ [0, 1] onverges weakly to a probability measure µ : B(R)→ [0, 1],
if and only if limn µn(B) = µ(B) for all B ∈ B(R) with µ(∂B) = 0 (see e.g. [4, Theorem 2.1℄).
One should also reall that a sequene of probability measures onverges weakly, if and only
if the assoiated sequene of distribution funtions onverges pointwise at all points where the
limiting distribution funtion is ontinuous [4, p. 335-336℄.
Denition 3. Let H be a Hilbert spae, and let En : B(R)→ L(H) be a semispetral measure
for eah n ∈ N. We say that the sequene (En) onverges to a semispetral measure E : B(R)→
L(H) weakly in the sense of probabilities, if
lim
n→∞
En(B) = E(B)
in the weak operator topology, for all B ∈ B(R) suh that E(∂B) = 0.
The following proposition haraterizes this onvergene. The proof of this result is given in
Appendix A (in the more general ontext of a metri spae).
Proposition 3. Let En, E : B(R) → L(H), n ∈ N, be semispetral measures. Then the
following onditions are equivalent.
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(i) (En) onverges to E weakly in the sense of probabilities;
(ii) for eah positive operator T of trae one, the sequene (EnT ) of probability measures
onverges weakly to ET ;
(iii) there exists a dense subspae D ⊂ H, suh that the sequene (Enϕ) of probability measures
onverges weakly to Eϕ for any unit vetor ϕ ∈ D;
(iv) limn→∞ L(f, En) = L(f, E) in the weak operator topology for eah bounded ontinuous
funtion f : R→ R.
The main result of this setion, Proposition 5 below, gives a onnetion between the moment
limit and onvergene in the sense of probabilities, whih is analogous to the orresponding
result for probability measures [15, Theorem, p. 540℄. The proof of part (a) of the proposition
is based on the following result, whih uses the onept of relative ompatness as it appears
in probability theory: a family P of probability measures ν : B(R) → [0, 1] is alled relatively
ompat, if every sequene of elements of P ontains a weakly onvergent subsequene (see [4,
p. 35℄). The proof of Proposition 4 is given in Appendix B.
Proposition 4. Let D ⊂ H be a dense subspae, and let M be a olletion of semispetral
measures E : B(R) → L(H). Suppose that the set {Eϕ | E ∈ M} of probability measures is
relatively ompat for eah unit vetor ϕ ∈ D. Then every sequene of elements of M ontains
a subsequene whih onverges weakly in the sense of probabilities.
Proposition 5. Let En : B(R) → L(H) be a semispetral measure for eah n ∈ N. Assume
that there is a dense subspae D ⊂ ∩n,m∈ND(xm, En), suh that the limit
lim
n→∞
〈ϕ|L(xm, En)ϕ〉
exists in R for eah m ∈ N and ϕ ∈ D.
(a) There exists a semispetral measure E : B(R) → L(H), whih is a moment limit for
(En)n∈N on D.
(b) Suppose that E is D-determinate. Then E is the only moment limit for (En)n∈N on D,
and the sequene (En)n∈N onverges to E weakly in the sense of probabilities.
Proof. By assumption,
sup
n∈N
∫
x2 dEnϕ(x) <∞
for all ϕ ∈ D. This implies that {Enϕ | n ∈ N} is relatively ompat for eah unit vetor ϕ ∈ D.
(See e.g. the rst paragraph in the proof of [4, Theorem 30.2, p. 408℄, and Prohorov's theorem
[4, Theorem 6.1, p. 37℄.) Hene, we an apply Proposition 4 to get a subsequene (Enk)k∈N
onverging to a semispetral measure E : B(R) → L(H) weakly in the sense of probabilities.
Fix a unit vetor ϕ ∈ D. By Proposition 3, the sequene (Enkϕ )k∈N of probability measures
onverges to Eϕ weakly. Sine, in addition,
λm(ϕ) := lim
n→∞
∫
xm dEnϕ(x) = lim
k→∞
∫
xm dEnkϕ (x)
exists for all m ∈ N by assumption, it follows from the proof of Theorem 30.2 of [5, p. 408℄ (or
diretly from [26, Theorem 4 A℄) that λm(ϕ) =
∫
xm dEϕ(x). But by Proposition 1 this means
that E is a moment limit for (En)n∈N on D. Hene, (a) is proved.
Assume then that E is D-determinate. It follows from Proposition 2 that E is the only
moment limit for (En)n∈N on D. Let ϕ ∈ D be a unit vetor. Then the numbers
∫
xm dEϕ(x)
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are the moments for only one probability measure (whih is Eϕ), so it follows diretly from [5,
Theorem 30.2℄ (or [26, Theorem 6℄) that (Enϕ)n∈N onverges to Eϕ weakly. By proposition 3,
this entails that (En)n∈N onverges to E weakly in the sense of probabilities. 
4. An asymptoti measurement sheme
Suppose that we have a measurement setup whih an be ongured to various modes Mn,
n = 0, 1, 2, . . ., eah of whih is supposed to onstitute a measurement, whih is somehow an
approximation of the observable we atually want to measure, the approximation beoming
more and more aurate as n inreases. This is, of ourse, somewhat vague, but it an be
given a reasonably preise meaning by onsidering the moments of the measurement outome
statistis. In the following, we number the steps so that they an be referred to later.
(1) Aording to quantum measurement theory, eah measurement Mn an (in priniple)
be assoiated with a semispetral measure En, ating on a (ommon) Hilbert spae
H. Suppose that we have a xed set of measurement preparations to be used for the
alibration of the measurement setup (i.e. determination of the measured observable),
and assume that this set an be identied with the unit ball D1 of some dense subspae
D ⊂ H.
(2) Then eah measurement Mn, performed with an input state ϕ ∈ D1, produes the
probability distribution Enϕ, whose moments M
k
n,ϕ, k ∈ N, an be alulated from the
measurement data. (Notie that this an be done without needing to know the atual
form of the semispetral measure En). After this point, the proess obviously works
only if we an onvine ourselves that all the moments Mkn,ϕ exist.
(3) Assume then that, one a suient number of the measurements Mn have been per-
formed, one arrives at the onlusion that
lim
n→∞
Mkn,ϕ exists for eah k ∈ N, ϕ ∈ D1.
Then Proposition 5 (a) says that there exists at least one observable E, suh that
the numbers obtained from the limits limn→∞Mkn,ϕ oinide with the orresponding
moments of the measurement statistis of E. Thus, in the level of moments, this sheme
desribes a valid measurement.
(4) However, this approah annot lead to a measurement of a unique quantum observable,
unless the moments obtained as the above mentioned limits atually determine uniquely
the probability distributions from whih they arise. Hene, it is natural to require that
eah measure Eϕ, ϕ ∈ D1 be determinate, i.e. E be D-determinate, in whih ase
Proposition 5 (b) implies that exatly one observable E an be assoiated with the limit
statistis orresponding to the set D1 of alibration states.
(5) One additional ondition ould be imposed in order to make the above reasoning more
solid. Namely, also the semispetral measures En ould be required to beD-determinate.
In view of Proposition 5, this is not neessary, but it would nevertheless ensure that
for eah n, the moments Mkn,ϕ used in the above proess ompletely determine the
measurement statistis of Mn.
Thus, if all the above onditions are satised, then the sheme an be onsidered as a mea-
surement of the unique moment limit E of the sequene (En) on D. Moreover, it is important
to note that then (En)n∈N onverges to E weakly in the sense of probabilities (Proposition 5
(b)), whih means (see Proposition 3) that the sequene (EnT ) of outome probability measures
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onverges weakly to ET for any input state T (positive operator of unit trae), not just for the
states used in the alibration.
As we will see in the following setions, all the above requirements are satised for a simple
theoretial model of the balaned homodyne detetor, when the linear span of the set of oherent
states are used in the alibration.
Remark 4. The requirement that the observables be D-determinate is quite restritive, and
may be diult to verify without knowing the expliit form for the observables. In some ases,
the question might be resolved by using a riterion from the extensive literature onerning
the lassial moment problem (see for instane [1℄ or [16℄). For example, if all the limiting
momentsMk,ϕ := limn→∞Mkn,ϕ satisfy the ondition lim infk→∞
1
2k
M
1
2k
2k,ϕ <∞, then the limiting
observable E is D-determinate (see e.g. [16, Theorem II.5.1℄). In our example of the homodyne
detetion, this ondition atually holds, but we will not need to state it expliitly, as the relevant
measures have the stronger property of exponential boundedness (see the proof of Lemma 2).
The fat that exponential boundedness implies the above moment ondition an be seen e.g.
from the proof of [16, Theorem II.5.2℄.
5. The balaned homodyne detetor
Now we proeed to the desription of the balaned homodyne detetion sheme. A simple
desription of this detetor an be given as follows: a (single mode) signal eld with the Hilbert
spae H is oupled with an auxiliary eld (with the Hilbert spae Haux) via a 50-50-beam
splitter desribed by a ertain unitary operator U . The auxiliary eld is initialized in the
oherent state |z〉. The photon number dierene for the two output ports of the beam splitter,
divided by the strength |z| of the auxiliary eld, is then deteted. (We onsider only ideal
photodetetors in our sheme.)
Assuming that H and Haux are separable omplex Hilbert spaes, we use the following usual
notations. We x orthonormal bases of the form {|n〉 | n ∈ N} for bothH andHaux, representing
the photon number states. We denote
|nm〉 = |n,m〉 := |n〉 ⊗ |m〉 ∈ H ⊗Haux, n,m ∈ N.
Let a, a∗ and b, b∗ be the reation and annihilation operators for the aforementioned bases of
H and Haux, respetively, and let N = a∗a and Naux = b∗b, be the photon number operators
for the two modes. The operators a, a∗, b, b∗, N,Naux are onsidered as being dened on their
natural domains, e.g.
D(a) = D(a∗) = {ϕ ∈ H |
∑
n∈N
n|〈n|ϕ〉|2 <∞};
D(N) = D(a∗a) = {ϕ ∈ H |
∑
n∈N
n2|〈n|ϕ〉|2 <∞}.
For any z ∈ C the oherent state |z〉 ∈ H is dened by
|z〉 = e− 12 |z|2
∞∑
n=0
zn√
n!
|n〉,
and we use the same symbols for the oherent states in Haux. Also, we use the shorthand
|z, w〉 = |z〉 ⊗ |w〉 ∈ H ⊗ Haux. The subspae Dcoh := lin {|z〉 | z ∈ C} is dense in H, and
so is the orresponding subspae Dauxcoh in Haux. (Here the symbol lin denotes the (algebrai)
9
linear span of the set in question.) The (algebrai) tensor produt D2coh := Dcoh ⊗ Dauxcoh an
be identied with lin{|β, z〉 | β, z ∈ C}, whih is dense in H ⊗ Haux. The following standard
formulas hold:
eitN |z〉 = |eitz〉, eitNaux|z〉 = |eitz〉,
〈z|z′〉 = e− 12 (|z|2+|z′|2)+zz′.
Denote by Q and P the signal eld quadrature operators 1√
2
(a∗ + a) and i√
2
(a∗ − a), respe-
tively. Here the bar stands for the losure of an operator, so that e.g. Q is the unique selfadjoint
extension of the essentially selfadjoint symmetri operator
1√
2
(a∗ + a) (See [25, Chapter IV℄ or
[6, Chapter 12℄ for details onerning the domains of these very extensively studied operators.)
The set of states for the signal eld is denoted by S(H), i.e. S(H) onsists of those T ∈ L(H),
whih are positive and of trae one.
For the signal eld, dene the rotated quadrature operators Qθ, with θ ∈ [0, 2pi), via
(3) Qθ = e
iθNQe−iθN =
1√
2
(e−iθa+ eiθa∗)
In partiular, eah Qθ is selfadjoint on its domain D(Qθ) = e
iθND(Q) ⊃ D(a) = D(a∗), and
the restrition Qθ|D(a) = 1√2(e−iθa + eiθa∗) is essentially selfadjoint. The ordinary quadratures
are given by Q0 = Q and Qpi
2
= P . We will need the following fat.
Lemma 2. For all θ ∈ [0, 2pi), the spetral measure of Qθ is Dcoh-determinate.
Proof. Let θ ∈ [0, 2pi). By the denition (3) of Qθ, the spetral measure EQθ is X 7→
eiθNEQ(X)e−iθN . Let β ∈ C, and onsider the probability measure EQθ|β〉 , whih has the sim-
ple form EQθ(X) = 〈β ′|EQ(X)|β ′〉, where |β ′〉 = |e−iθβ〉. In the oordinate representation
(H ≃ L2(R), |n〉 7→ hn, with hn the nth Hermite funtion), Q is the multipliation by the fun-
tion x 7→ x, and |β ′〉 is the vetor W (q, p)h0, where β ′ = 1√2(q + ip), and W (q, p) is the Weyl
operator, so that (W (q, p)h0)(x) = pi
− 1
4 e−i
1
2
qp+ipxe−
1
2
(x−q)2
. Hene, EQθ|β〉(X) =
1√
pi
∫
X
e−(x−q)
2
dx,
whih immediately implies that
∫
ea|x| dEQθ|z〉 < ∞ for any a > 0. Hene, |β〉 ∈ EEQθ for eah
β ∈ C. It then follows from Lemma 1 that EQθ is Dcoh-determinate. 
In quantum optis, it is typially asserted that a (lossless) 50-50 beam splitter with phase
shift φ an be desribed by a unitary operator Uφ, satisfying
(4) Uφ|β, z〉 = | 1√2(β − eiφz), 1√2(e−iφβ + z〉).
In partiular, U(Dcoh ⊗Dauxcoh ) = Dcoh ⊗Dauxcoh . In terms of annihilation operators, (4) implies
U∗φ(a⊗ I)|D2cohUφ =
1√
2
(a− eiφb)|D2
coh
;
U∗φ(I ⊗ b)|D2cohUφ =
1√
2
(e−iφa+ b)|D2
coh
.
Using these equations, we see that the restrition of the operator I⊗Naux−N ⊗ Iaux to D2coh
is unitarily equivalent to the orresponding restrition of (e−iφa⊗b∗+eiφa∗⊗b), the equivalene
being arried by U . Now both of these operators are essentially selfadjoint, and the losure of
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the former is the photon number dierene observable, whih we denote by N−. Hene,
1√
2
U∗φN−Uφ = Aφ,
where Aφ is the losure of the operator
1√
2
(e−iφa ⊗ b∗ + eiφa∗ ⊗ b). Furthermore, Aφ = I ⊗
e−iφNaux AI ⊗ eiφNaux, where A := A0.
Aording to the sheme, the detetion observable for the two-mode eld is the photon
dierene N−, divided by the amplitude |z| of the input |z〉 of the auxiliary eld. For later
onveniene, we sale it with the fator
1√
2
, so that the detetion is represented by the spetral
measure
B(R) ∋ B 7→ E(
√
2|z|)−1N−(B) ∈ L(H⊗Haux)
of the selfadjoint operator (
√
2|z|)−1N−. If T is the input state of the signal eld, the two-mode
eld state after the beam splitter is UφT ⊗ |z〉〈z|U∗φ. Hene, the detetion statistis are given
by the probability measures
B 7→ pz,φT (B) := Tr[T ⊗ |z〉〈z|U∗E(
√
2|z|)−1N−(B)U ], T ∈ S(H), z ∈ C.
Beause of the unitary equivalenes
1√
2
U∗φN−Uφ = Aφ = I ⊗ e−iφNaux AI ⊗ eiφNaux, we get
(5) pz,φT (B) = Tr[T ⊗ |z〉〈z|E|z|
−1Aφ(B)] = Tr[T ⊗ |eiφz〉〈eiφz|E|z|−1A(B)],
reeting the fat that the phase shift in the beam splitter an be realized by shifting the phase
of the auxiliary eld. Aordingly, we put φ = 0 in the subsequent disussions, and write
instead z = reiθ, so that θ represents the phase dierene between the two input modes. The
beam splitter is now U := U0, with
(6) U |β, z〉 = | 1√
2
(β − z), 1√
2
(β + z)〉.
Sine the signal eld is onsidered as the input for the atual homodyne detetor with the
xed auxiliary state |z〉 = |reiθ〉, the observable Ez : B(R) → L(H) being measured by the
detetor is now uniquely determined, as a semispetral measure, by the relation
(7) Tr[TEz(B)] = Tr[T ⊗ |z〉〈z|E|z|−1A(B)], B ∈ B(R), T ∈ S(H).
(The reader may wish to onsult [10℄ for bakground information on quantum measurement
shemes and semispetral measures; the balaned homodyne detetion is briey disussed on
pp. 194-195.)
Let Vz : H → H⊗Haux be the linear isometry ϕ 7→ ϕ⊗ |z〉. In the formulation of measure-
ment dilations, the relation (7) says that (H ⊗ Haux, E|z|−1A, Vz) is a Naimark dilation of the
semispetral measure Ez, i.e.
(8) Ez(B) = V ∗z E
|z|−1A(B)Vz, B ∈ B(R).
(For a brief exposition of measurement dilations, see [22, Setion 2℄.)
The idea in the homodyne detetor is that in the high amplitude limit, i.e. the limit |z| → ∞,
the measurement statistis of the observables Ez begins to resemble the orresponding statistis
of the rotated quadrature Qθ, where θ is the xed phase of the omplex number z. As announed
above, we approah this problem by onsidering the moments of these semispetral measures.
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6. The moment operators of Ez
In this setion, we determine the relevant properties of the moment operators L(xk, Ez).
Most of the disussion onerning the relevane of the results is postponed to the onluding
setion 8. For simpliity, we let L˜(xk, Ez) denote the restrition of L(xk, Ez) to D˜(xk, Ez).
Proposition 6. Let z ∈ C and k ∈ N.
(a) L˜(xk, Ez) = |z|−kV ∗z AkVz.
(b) D(ak) ⊂ D˜(xk, Ez). In partiular, L˜(xk, Ez) is densely dened.
Proof. Sine E|z|
−1A
is a spetral measure, we have L(xk, E|z|
−1A) = |z|−kAk, so (a) follows
immediately from Theorem in [21, Setion III A℄. If ϕ ∈ D(ak), then
Vzϕ = ϕ⊗ |z〉 ∈ D(ak)⊗D(bk) ⊂ D((A|D(a)⊗D(b))k) ⊂ D(Ak) = VzD˜(xk, Ez)
by (a), so ϕ ∈ D˜(xk, Ez). This proves (b). 
The following result gives the rst two moments expliitly.
Proposition 7. Let z = reiθ, with r > 0, θ ∈ [0, 2pi).
(a) L˜(x, Ez) ⊃ Qθ|D(a).
(b) L˜(x2, Ez) ⊃ (Qθ|D(a))2 + 12r−2N .
Proof. Let ϕ ∈ D(a), so that ϕ ∈ D˜(x, Ez) by Proposition 6 (b). Let ψ ∈ H. Part (a) of the
same proposition now gives
〈ψ|L˜(x, Ez)ϕ〉 = 1√
2
|z|−1〈ψ ⊗ |z〉|(a⊗ b∗ + a∗ ⊗ b)ϕ⊗ |z〉〉 = 〈ψ| 1√
2
(e−iθa+ eiθa∗)ϕ〉.
This proves (a). To prove (b), note rst that sine D(N) = D(a2) = D(a∗a) = D(aa∗) =
D((a∗)2), we have D(N) ⊂ D((Qθ|D(a))2), and hene the domain of the operator (Qθ|D(a))2 +
1
2
r−2N is D(N). Now let ϕ ∈ D(a2) and ψ ∈ H. Using Proposition 6 again (and notiing the
fat that (A|D(a)⊗D(b))2 ⊂ A2), we get
〈ψ|L˜(x2, Ez)ϕ〉 = 1
2
|z|−2〈ψ ⊗ |z〉|(a⊗ b∗ + a∗ ⊗ b)2ϕ⊗ |z〉〉
= 1
2
|z|−2〈ψ|(z2a2 + |z|2aa∗ + (|z|2 + 1)a∗a+ z2(a∗)2)ϕ〉
= 1
2
〈ψ|(e−2iθa2 + e2iθ(a∗)2 + aa∗ + a∗a+ r−2a∗a)ϕ〉
= 〈ψ|([ 1√
2
(e−iθa+ eiθa∗)]2 + 1
2
r−2a∗a)ϕ〉.

Corollary 1. The intrinsi noise operator N (Ez) := L(x2, Ez) − L(x, Ez)2 of the observable
Ez is the selfadjoint operator 1
2
1
|z|2N . In partiular, D(L(x
2, Ez)) ∩D(L(x, Ez)2) = D(a2).
Proof. Sine D(N) ⊂ D((Qθ|D(a))2), we have D(N) ⊂ D(L(x, Ez)2) by part (a) of the preeding
proposition. In addition, D(a2) ⊂ D(x2, Ez) by part (b) of that proposition. Hene, D(N) ⊂
D(L(x2, Ez) − L(x, Ez)2), so that 1
2
1
|z|2N ⊂ L(x2, Ez) − L(x, Ez)2 by the proposition. But
L(x2, Ez)− L(x, Ez)2 is symmetri (even positive), and 1
2
1
|z|2N is selfadjoint, so that
1
2
1
|z|2N =
L(x2, Ez)− L(x, Ez)2. 
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Remark 5. Proposition 7 (a) reets the fat that no Ez is a spetral measure (for any spetral
measure is well known to have zero intrinsi noise). A perhaps somewhat less well-known fat is
that a semispetral measure with zero intrinsi noise, and a selfadjoint rst moment operator, is
neessarily a spetral measure, and thereby ompletely determined, as a semispetral measure,
by its rst and seond moment operators (see [19, Theorem 5℄). By the above orollary, we
have N (Ez)ϕ → 0 as |z| → 0 for any ϕ ∈ D(N (Ez)) = D(N), so one might expet that the
rst two moments of the detetion statistis indeed determine the observable measured in the
high amplitude limit. However, due to the problems onerning the domains of the moment
operators, we were not able to make this reasoning rigorous, and therefore hose instead to
onsider entire moment sequenes in the weak sense, as will be shown in the last setion.
Remark 6. In view of the tomographi appliation, there is also another aspet in the above
mentioned fat that it is not enough to onsider only the rst moment operator. Namely,
one annot reonstrut a state by knowing only the averages of all the quadratures in that
state. As a simple example, onsider any two dierent vetor states |ϕ〉〈ϕ|, |ψ〉〈ψ|, for whih
ϕ, ψ ∈ D(Q) ∩ D(P ), 〈ϕ|Qϕ〉 = 〈ψ|Qψ〉, and 〈ϕ|Pϕ〉 = 〈ψ|Pψ〉. [For example, one an take,
in the oordinate representation, ϕ(x) = f(x)eiφ(x), ψ(x) = f(x)e−iφ(−x), where f is a positive
even funtion, and φ : R → [0, 2pi) suh that x 7→ θ(x) + θ(−x) is not a onstant mod 2pi.℄
Sine D(Q) ∩ D(P ) = D(a), it follows that 〈ϕ|aϕ〉 = 〈ψ|aψ〉 and 〈ϕ|a∗ϕ〉 = 〈ψ|a∗ψ〉, and,
onsequently 〈ϕ|Qθϕ〉 = 〈ψ|Qθψ〉 for all θ ∈ [0, 2pi). Hene, the averages do not distinguish
between these states.
For the general moment operator L(xk, Ez), the following result is suient for our purposes.
Proposition 8. Let k ∈ N, and z = reiθ, with (r, θ) ∈ [1,∞)× [0, 2pi). Then
L˜(xk, Ez)|D(ak) = (Qθ|D(a))k +
1
r2
Ck(r, θ),
where
Ck(r, θ) =
∑
n,m∈N,
n+m≤k
cknm(r, θ) (a
∗)nam,
and eah funtion cknm : [1,∞)× [0, 2pi)→ C is bounded.
Proof. Let (r, θ) ∈ [1,∞) × [0, 2pi), z = reiθ, and let ψ ∈ H, ϕ ∈ D(ak), so that ϕ ⊗ |z〉 ∈
D(ak)⊗D(bk) ⊂ D(Ak). By using again Proposition 6, we get ϕ ∈ D˜(xk, Ez), and
〈ψ|L˜(xk, Ereiθ)ϕ〉 = 〈ψ⊗|z〉|((
√
2r)−1A)kϕ⊗|z〉〉 = 2− k2 r−k〈ψ⊗|reiθ〉|(a⊗b∗+a∗⊗b)kϕ⊗|reiθ〉〉.
The expression (a⊗b∗+a∗⊗b)k is the sum of all produts of the formA1A2 · · ·Ak⊗B1B2 · · ·Bk,
where for eah i = 1, . . . , k, either Ai = a and Bi = b
∗
, or Ai = a
∗
and Bi = b. We an write
a partiular produt as A1A2 · · ·Ak ⊗B1B2 · · ·Bk = p(a, a∗)⊗ p(b∗, b), where the symbol p(·, ·)
represents the rule telling whih Ai:s oinide with the operator in the rst argument, and
whih with the one in the seond argument. Let Πk denote the set of all suh rules p, and let
Πkn ⊂ Πk be the set of those p for whih the operator in the rst argument appears exatly n
times in the resulting produt. Now Πk = ∪kn=0Πkn, and we have
(a⊗ b∗ + a∗ ⊗ b)k =
k∑
n=0
∑
p∈Πkn
p(a, a∗)⊗ p(b∗, b).
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Therefore,
〈ψ|L˜(xk, Ereiθ)ϕ〉 = 2− k2
k∑
n=0
∑
p∈Πkn
〈ψ|p(a, a∗)ϕ〉〈z|r−kp(b∗, b)|z〉.
For p ∈ Πkn, the operator r−kp(b∗, b), when brought to the normal order, is of the form
r−kp(b∗, b) = r−k(b∗)nbk−n + r−kRkp(b
∗, b), where Rkp is a polynomial of b
∗
and b of order k − 2,
with the oeients depending on p. Note that in eah term of Rkp , the number of ourrenes
of b∗ minus the number of ourrenes of b is the same, namely n − (k − n). (Rkp is given by
the Wik rule.) Hene,
〈z|r−kp(b∗, b)|z〉 = (e−iθ)n(eiθ)k−n(1 + r−2dkp(r)),
where eah funtion dkp : [1,∞)→ R is bounded. (Of ourse, we ould have taken any interval
[δ,∞) with δ > 0.) For p ∈ Πkn, we have (e−iθ)n(eiθ)k−np(a, a∗) = p(e−iθa, eiθa∗), so that
〈ψ|L˜(xk, Ereiθ)ϕ〉 = 2− k2
k∑
n=0
∑
p∈Πkn
〈ψ|p(e−iθa, eiθa∗)ϕ〉
+ 2−
k
2
k∑
n=0
∑
p∈Πkn
〈ψ|r−2dkp(r)p(e−iθa, eiθa∗)ϕ〉
=
〈
ψ
∣∣ ([ 1√
2
(e−iθa+ eiθa∗)]k +
1
r2
Ck(r, θ)
)
ϕ
〉
,
with
Ck(r, θ) = 2
− k
2
∑
p∈Πk
dkp(r)p(e
−iθa, eiθa∗).
By bringing eah p(e−iθa, eiθa∗) into the normal order, and using the fat that eah dkp is a
bounded funtion, we see that Ck(r, θ) has the required form. 
The following result shows, in partiular, that eah observable Ez is uniquely determined by
its moment operator sequene (L(xk, Ez))k∈N (see Remark 2). Hene, it is possible to onsider
the moment sequenes in plae of the observables themselves.
Proposition 9. For eah z ∈ C, the semispetral measure Ez is Dcoh-determinate.
Proof. Let z ∈ C. Now Dcoh ⊂ D(an) ⊂ D(xn, Ez) for eah n ∈ N, so for eah ϕ ∈ Dcoh, the
positive measure Ezϕ has all moments.
Consider the positive measure Ez|β〉, for xed β ∈ C. Aording to (6), we an write U |β, z〉 =
|c, d〉, with c = 1√
2
(β − z), d = 1√
2
(β + z). Sine A = 1√
2
U∗N−U , it follows from (8) that
Ez|β〉 = E
(
√
2|z|)−1N−
|c,d〉 . This measure is supported in (
√
2|z|)−1Z, with density
(
√
2|z|)−1k 7→
∑
n1,n2∈N,
n1−n2=k
|〈c, d|n1, n2〉|2,
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so that ∫
ea|x| dEz|β〉(x) =
∞∑
n1,n2=0
ea(
√
2|z|)−1|n1−n2||〈c|n1〉|2|〈d|n2〉|2
≤ e−(|c|2+|d|2)
∞∑
n1,n2=0
ea(
√
2|z|)−1(n1+n2) |c|2n1
n1!
|d|2n2
n2!
= exp[−(|c|2 + |d|2) + ea(
√
2|z|)−1(|c|2 + |d|2)]
= exp[(|β|2 + |z|2)(ea(
√
2|z|)−1 − 1)] <∞.
Hene, |β〉 ∈ EEz for all β ∈ C. It remains to apply Lemma 1 to omplete the proof. 
7. A remark onerning harateristi funtions
Before proeeding to the onlusion of the paper, we alulate the harateristi funtions
of the probability measures of the observables Ez, assoiated with the oherent states. The
purpose of this is to verify that the results are the same as those of Vogel [28℄, obtained
by a dierent method. Also, we want to hek that the moments alulated by using these
harateristi funtions are onsistent with the moment operators we obtained in the preeding
setion.
Dene Φz(t) = L(e
it·, Ez) for eah t ∈ R. Sine the funtion x 7→ eitx is bounded, eah Φz(t)
is a bounded operator. Hene, by using (8) and the Theorem in [21, Setion III A℄, we have
Φ(t) = V ∗z e
it|z|−1AVz = V ∗z U
∗eit(
√
2|z|)−1N−UVz .
By using (6) and putting c = 1√
2
(β − z), d = 1√
2
(β + z), we then get
ϕβ(t) := 〈β|Φ(t)β〉
= 〈β, z|U∗eit(
√
2|z|)−1(I⊗N2−N1⊗I)U |β, z〉 = 〈c, d|e−it(
√
2|z|)−1N1 ⊗ eit(
√
2|z|)−1N2|c, d〉
= 〈c|e−it(
√
2|z|)−1c〉〈d|eit(
√
2|z|)−1d〉 = e−|c|2+ce−it(
√
2|z|)−1ce−|d|
2+deit(
√
2|z|)−1d
= exp
(
−(|c|2 + |d|2) + e−it(
√
2|z|)−1|c|2 + eit(
√
2|z|)−1|d|2
)
= exp
(
−|z|2 − |β|2 + 1
2
(β − z)(β − z)e−it(
√
2|z|)−1 + 1
2
(β + z)(β − z)eit(
√
2|z|)−1
)
.
When replaing z with iz (i.e. shifting the phase by pi
2
), and t with −t (aounting for the
fat that we used I ⊗N2 −N1 ⊗ I for the photon dierene, instead of N1 ⊗ I − I ⊗N2), and
omitting the sale fator
√
2, we an ompare the above result with that of Vogel [28, p. 17℄,
and we see that they are indeed the same.
Now ϕβ(t) should generate the moments of the probability measure E
z
|β〉 via the formula
〈β|L˜(xk, Ez)|β〉 =
∫
xkdEz|β〉 = i
−k d
kϕβ
dtk
(0).
We hek the rst two moments for onsisteny. Let again z = reiθ. Clearly, ϕβ(0) = 1.
Dierentiating ϕβ gives
ϕ′β(t) = i
1√
2
|z|−1(−|c|2e−i(
√
2|z|)−1t + |d|2ei(
√
2|z|)−1t)ϕβ(t),
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so that ϕ′β(0) = i
1√
2
|z|−1(−|c|2 + |d|2) = 1√
2
i|z|−1(zβ + zβ), and hene the rst moment of the
probability measure Ez|β〉 is
−iϕ′β(0) = 1√2(e−iθβ + eiθβ) = 〈β| 1√2(e−iθa+ eiθa∗)|β〉,
in agreement with Proposition 7 (a).
In addition,
ϕ′′β(t) = −12 |z|−2
(
(|c|2e−i(
√
2|z|)−1t + |d|2ei(
√
2|z|)−1t) + (−|c|2e−i(
√
2|z|)−1t + |d|2ei(
√
2|z|)−1t)2
)
ϕβ(t),
so the seond moment is
i−2ϕ′′β(0) =
1
2
|z|−2(|β|2 + |z|2) + 1
2
|z|−2[(zβ + βz)]2
= 1
2
([(e−iθβ + eiθβ)]2 + 1) + 1
2
|β|2r−2
= 1
2
(e−2iθβ2 + e2iθβ
2
+ (|β|2 + 1) + |β|2) + 1
2
|β|2r−2
= 〈β|1
2
(e−2iθa2 + e2iθ(a∗)2 + aa∗ + a∗a)|β〉+ 〈β|1
2
r−2a∗a|β〉
= 〈β|([ 1√
2
(e−iθa+ eiθa∗)]2 + 1
2
r−2a∗a)|β〉,
whih agrees with the equation of Proposition 7 (b).
8. Convergene in the high amplitude limit
We are now ready to establish a onlusion on the high amplitude limit, by onneting the
results onerning the detetor observables Ez with the asymptoti measurement proedure
desribed at the end of Setion 3. Sine the onsiderations of that setion involved sequenes of
semispetral measures, we need to x a sequene (rn) of positive numbers onverging to innity.
For this hoie, let zn(θ) = rne
iθ
, where the phase θ ∈ [0, 2pi) is also xed.
Choose the set Dcoh of oherent states to be the subspae ontaining the alibration states
mentioned in part (1) of the aforementioned proedure. It follows immediately from Proposition
8 that for eah θ ∈ [0, 2pi), the spetral measure of the rotated quadrature Qθ is a moment limit
for (Ezn(θ))n∈N on Dcoh, so that the requirements for parts (2) and (3) are satised. The
determinay requirement of part (4) is given by lemma 2, so that Proposition 5 (b) implies that
the sequene (Ezn(θ))n∈N has only one moment limit on Dcoh, namely EQθ .
Finally, the requirement for part (5) is satised by proposition 9. Thus, we an onlude
that the (above simple theoretial desription of the) balaned homodyne detetor ts into our
asymptoti measurement sheme. In partiular, the sequene (Ezn(θ))n∈N of observables on-
verges to the spetral measure of the rotated quadrature Qθ weakly in the sense of probabilities.
Remark 7. By denition, the weak onvergene in the sense of probabilities of (Ezn(θ))n∈N
to EQθ means that the sequene (Ezn(θ)(B))n∈N onverges to EQθ(B) in the weak operator
topology, provided that EQθ(∂B) = 0. Sine Qθ is unitarily equivalent to the position operator
on L2(R), this ondition is equivalent to λ(∂B) = 0, where λ is the Lebesgue measure of the
real line. In partiular, all intervals (nite or innite) qualify.
Remark 8. It should be emphasized that limn→∞Ezn(θ)(B) = EQθ(B) (in the weak operator
topology) is not true for all B ∈ B(R). In fat, let B = ⋃n∈N(√2rn)−1Z, where zn(θ) = rneiθ
as before. Now B is ountable, and, in partiular, B ∈ B(R). It follows from (8) and the
relation A = 1√
2
U∗N−U that that eah semispetral measure Ezn(θ) is supported on (
√
2rn)
−1Z.
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Hene, Ezn(θ)(B) = I for all n ∈ N, so that (Ezn(θ)(B))n∈N onverges to I in the weak operator
topology. But EQθ(B) = O, beause B is ountable and EQθ is unitarily equivalent to the
position operator on L2(R), thereby having the same null sets as the Lebesgue measure. On
the other hand, B is dense in R, so ∂B = R, and onsequently EQθ(∂B) = I, whih is not zero.
The above onlusions are summarized as follows.
(a) The observable Ez measured by the balaned homodyne detetor is Dcoh-determinate
for eah z ∈ C;
(b) The spetral measure EQθ of the rotated quadrature Qθ is Dcoh-determinate for eah
θ ∈ [0, 2pi).
() For eah θ ∈ [0, 2pi), and eah disretization zn(θ) = rneiθ, limn→∞ rn =∞, the spetral
measure EQθ is the unique moment limit of (Ezn(θ))n∈N on Dcoh.
(d) The sequene (Ezn(θ))n∈N onverges to EQθ weakly in the sense of probabilities.
(e) For eah state T ∈ S(H), we have limn→∞Tr[TEzn(θ)(B)] = Tr[TEQθ(B)], whenever
λ(∂B) = 0, where λ is the Lebesque measure on R.
Appendix A
In this appendix, we give a proof for proposition 3. Sine it does not depend on the speial
properties of the real line, we state it here in the ontext of a general metri spae. For the rest
of this setion, we x Ω to be a metri spae, with metri d, and let B(Ω) denote the assoiated
Borel σ-algebra. As before, H is a omplex separable Hilbert spae, and the general notations
given in setion 2 will be used.
We reall the denition of the weak onvergene of probability measures [4, p. 11℄: a sequene
(µn) of probability measures on B(Ω) onverges weakly to a probability measure µ : B(Ω) →
[0, 1] if limn→∞
∫
f dµn =
∫
f dµ for all bounded ontinuous funtions f : Ω → R. We will use
the following haraterization for the weak onvergene [4, Theorem 2.1, p. 11℄: sequene (µn)
of probability measures on B(Ω) onverges weakly to a probability measure µ : B(Ω)→ [0, 1] if
and only if limn→∞ µn(A) = µ(A) whenever A ∈ B(Ω) is suh that µ(∂A) = 0. At the level of
semispetral measures E : B(Ω) → L(H), a natural analogue for the weak onvergene is the
following.
Denition 4. Let En : B(Ω)→ L(H) be a semispetral measure for eah n ∈ N. We say that
the sequene (En) onverges to a semispetral measure E : B(Ω) → L(H) weakly in the sense
of probabilities, if
lim
n→∞
En(A) = E(A)
in the weak operator topology, for all A ∈ B(Ω) suh that E(∂A) = 0.
The next proposition haraterizes this onvergene in terms of the weak onvergene of
probability measures. First we need the following lemma.
Lemma 3. Let P be an at most ountable olletion of nite positive measures ν : B(Ω) →
[0,∞). Dene FP = {A ∈ B(Ω) | ν(∂A) = 0 for all ν ∈ P}.
(a) FP is an algebra whih generates the Borel σ-algebra B(Ω).
(b) If (µn) is a sequene of probability measures on B(Ω), suh that limn→∞ µn(A) = µ(A)
for all A ∈ FP, where µ : B(Ω) → [0, 1] is also a probability measure, then (µn) onverges
to µ weakly.
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Proof. Sine ∂(A ∪B) ⊂ ∂A ∪ ∂B, and ∂A = ∂(Ω \A) for any A,B ⊂ Ω, it is lear that FP is
an algebra. The rest of the proof uses an argument similar to one appearing in the proof of [27,
Theorem 4℄: Let G ⊂ Ω be an open set. For eah δ > 0, let Aδ = {x ∈ Ω | d(x,Ω \ G) > δ}.
Now Aδ is open, and hene a Borel set. Sine ∂Aδ ⊂ {x ∈ Ω | d(x,Ω \ G) = δ}, the sets
∂Aδ are disjoint for distint values of δ. Let ν ∈ P. Sine ν is a nite positive measure, the
family {ν(∂Aδ) | δ > 0} is summable, and hene the set {δ > 0 | ν(∂Aδ) > 0} is at most
ountable. Sine P is at most ountable by assumption, also the set {δ > 0 | Aδ /∈ FP} has
this property. This implies that there exists a sequene (δn) of positive numbers onverging to
0, with Aδn ∈ FP for all n ∈ N. But learly G =
⋃
n∈NAδn , so FP generates B(Ω). This proves
(a), and (b) follows from [4, Theorem 2.2, p. 14℄. 
Some parts of the proof of the following proposition an be extrated at least from [7℄ or
[27℄ (the latter onerning only multipliative operator measures), so one might expet that the
result is essentially well-known. However, having not been able to nd the entire proof in the
literature, we give it here.
Proposition 10. Let En : B(Ω) → L(H) be a semispetral measure for eah n ∈ N, and let
also E : B(Ω) → L(H) be a semispetral measure. Then the following onditions are equivalent.
(i) (En) onverges to E weakly in the sense of probabilities;
(ii) for eah positive operator T of trae one, the sequene (EnT ) of probability measures
onverges weakly to ET ;
(iii) there exists a dense subspae D ⊂ H, suh that the sequene (Enϕ) of probability measures
onverges weakly to Eϕ for any unit vetor ϕ ∈ D;
(iv) limn→∞ L(f, En) = L(f, E) in the weak operator topology for eah bounded ontinuous
funtion f : Ω→ R.
Proof. To prove that (i) implies (ii), we assume (i), so that the sequene (〈ϕ|En(A)ϕ〉)n∈N of
numbers onverges to 〈ϕ|E(A)ϕ〉 for eah ϕ ∈ H and A ∈ G where G = {A ∈ B(Ω) | E(∂A) =
0}. Sine E is a semispetral measure and H is separable, there exists a nite positive measure
ν : B(Ω) → [0,∞) with the same sets of measure zero as E. (One an take, for instane,
ν(A) = Tr[SE(A)], with S =
∑
n∈N
1
2n
|ηn〉〈ηn|, where {ηn | n ∈ N} is an orthonormal basis of
H.) Hene, using the notation of Lemma 3, we have G = F{ν}.
Now x a positive operator T ∈ L(H) with unit trae, and let A ∈ G. Write T =∑∞
k=1 tk|ϕk〉〈ϕk|, where the ϕk are unit vetors and
∑
n tn = 1, the series onverging in the
trae norm. Now we have
lim
n→∞
Tr[TEn(A)] = lim
n→∞
∞∑
k=1
tk〈ϕk|En(A)ϕk〉 =
∞∑
k=1
tk lim
n→∞
〈ϕk|En(A)ϕk〉
=
∞∑
k=1
tk〈ϕk|E(A)ϕk〉 = Tr[TE(A)],
where the hange of the order of the limit proedures is permissible, sine the inequality
‖En(A)‖ ≤ 1 implies that the series
∞∑
k=1
tk〈ϕk|En(A)ϕk〉
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onverges uniformly for n ∈ N. Hene, (EnT (A)) onverges to ET (A) for all A ∈ G. Now Lemma
3 (b) gives (ii).
Clearly (ii) implies (iii). Now we assume (iii) and prove that (i) holds. Let D be the dense
subspae in question, and A ∈ B(Ω) be suh that E(∂A) = 0. Then Eϕ(∂A) = 0 for all unit
vetors ϕ ∈ D, so that limn→∞Enϕ(A) = Eϕ(A) for all ϕ ∈ D, ‖ϕ‖ = 1 by (iii). Let ϕ ∈ H, and
selet a sequene (ϕk) onverging to ϕ, suh that ϕk ∈ D for all k. Then
lim
n→∞
〈ϕ|En(A)ϕ〉 = lim
n→∞
lim
k→∞
〈ϕk|En(A)ϕk〉 = lim
k→∞
lim
n→∞
〈ϕk|En(A)ϕk〉 = 〈ϕ|E(A)ϕ〉,
where the hange of the order of the limit proedures is justied sine the k limit is uniform in
n. Hene, (i) follows by polarization.
Finally, it is lear from [4, Theorem 2.1℄ that (ii) implies (iv) and (iv) implies (iii), sine
e.g. 〈ϕ|L(f, E)ϕ〉 = ∫ fdEϕ for any unit vetor ϕ ∈ H, and a bounded ontinuous funtion
f : Ω→ R. (Notie that e.g. L(f, E) ∈ L(H) beause f is bounded.) The proof is omplete.

Remark 9. Sine a sequene of probability measures annot onverge weakly to two dierent
limits [4, Theorem 1.3, p. 9℄, the above proposition shows, in partiular, that a sequene
of operator measures an onverge to at most one operator measure weakly in the sense of
probabilities.
Appendix B
This appendix is devoted to the proof of Proposition 4. We use the same general ontext of
a metri spae as in Appendix A, as well as the denitions and notations given there.
In the ontext of probability theory, a family P of probability measures ν : B(Ω) → [0, 1]
is alled relatively ompat, if every sequene of elements of P ontains a weakly onvergent
subsequene (see [4, p. 35℄).
It is an old result that for a sequene of probability measures on R, the onvergene of
moments (whih was a entral onept in the onsiderations of setion 3) and weak onvergene
are related, in the ase where the limiting measure is determinate (see [5, p. 405-408℄, the
original paper [15℄ by Fréhet and Shohat, and also [26℄). This is onneted with the fat that
the relevant sequenes of probability measures are relatively ompat (see e.g. [4, Theorems
6.1 and 6.2, p. 37℄ and the proof of [5, Theorem 30.2, p. 408℄). The following result shows
that the relative ompatness of probability measures is reeted in a natural way in the level
of operator measures.
Proposition 11. Let D ⊂ H be a dense subspae, and let M be a olletion of semispetral
measures E : B(Ω) → L(H). Suppose that the set {Eϕ | E ∈ M} of probability measures is
relatively ompat for eah unit vetor ϕ ∈ D. Then every sequene of elements of M ontains
a subsequene whih onverges weakly in the sense of probabilities.
Proof. Let {ϕn | n ∈ N} be an orthonormal basis of H, inluded in D. (Sine H is separable
and D is dense, suh a basis exists.) Let V be the linear span of this basis. Then let
K = {‖ilϕn + ϕm‖−1(ilϕn + ϕm) | n,m ∈ N, l = 0, 1, 2, 3}.
Now K is ountable, so we an put K = {ψj | j ∈ N}, where ψi 6= ψj for i 6= j.
Let (En) be a sequene of elements of M. For eah j ∈ N and n ∈ N, let Enj denote the
probability measure Enψj . Sine ψj ∈ D, the sequene (Enj )n∈N (and every one of it subsequenes)
ontains a weakly onvergent subsequene by assumption.
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Now we an use the lassi diagonal proess to get a subsequene (Enk) of (En), and a
sequene of probability measures (µj), suh that (E
nk
j )k∈N onverges to µj weakly for all j ∈ N.
The rest of the proof uses somewhat similar arguments to the proof of [7, Theorem 1℄.
For eah i, j ∈ N, l = 0, 1, 2, 3, dene µ˜lij := µn, with n ∈ N (the unique index) suh that
ψn = ‖ilϕi + ϕj‖−1(ilϕi + ϕj). Then for eah i, j ∈ N, dene
νij(A) =
1
4
3∑
l=0
il‖ilϕi + ϕj‖2µ˜lij(A), A ∈ B(Ω).
Now eah νij is learly a omplex measure, with the property that νij(Ω) = 〈ϕi|ϕj〉 for any i, j.
Finally, for eah ϕ, ψ ∈ V, set
(9) G(A)(ψ, ϕ) =
∑
i,j∈N
〈ψ|ϕi〉〈ϕj|ϕ〉νij(A), A ∈ B(Ω), ϕ, ψ ∈ V.
Note that the above double sum is always nite, sine ϕ, ψ ∈ V. Hene, the set funtion
B(Ω) ∋ A 7→ G(A)(ψ, ϕ) ∈ C is a omplex measure, whih satises
(10) G(Ω)(ψ, ϕ) = 〈ψ|ϕ〉, ψ, ϕ ∈ V.
For eah A ∈ B(Ω), we now have a map G(A) : V ×V → C, whih is learly sesquilinear by its
denition (9). We have to prove that it is positive, i.e.
(11) G(A)(ϕ, ϕ) ≥ 0, ϕ ∈ V, A ∈ B(Ω).
To that end, let P = {µj | j ∈ N}, so that
lim
k→∞
〈ψj|Enk(A)ψj〉 = µj(A), j ∈ N, A ∈ FP ,
with FP as in Lemma 3. This means that
lim
k→∞
〈ilϕi + ϕj |Enk(A)(ilϕi + ϕj)〉 = ‖ilϕi + ϕj‖2µ˜lij(A), i, j ∈ N, l = 0, 1, 2, 3, A ∈ FP .
It now follows from (9) (by using the polarization identity to the sesquilinear forms (ψ, ϕ) 7→
〈ψ|Enk(A)ϕ〉) that
(12) lim
k→∞
〈ψ|Enk(A)ϕ〉 = G(A)(ψ, ϕ), A ∈ FP , ϕ, ψ ∈ V.
Sine eah Enk(A) satises 0 ≤ 〈ϕ|Enk(A)ϕ〉 for all ϕ ∈ V, this learly implies that the same is
true for G(A), provided A ∈ FP . We have to prove that this is true for all A ∈ B(Ω). To that
end, let
B1 = {A ∈ B(Ω) | 0 ≤ G(A)(ϕ, ϕ) for all ϕ ∈ V}.
Now FP ⊂ B1. We show that B1 is a monotone lass. Let (An) be an inreasing sequene of
sets in B1, and let A = ∪∞n=1An. Let ϕ ∈ V. Sine B 7→ G(B)(ϕ, ϕ) is a omplex measure, we
get
G(A)(ϕ, ϕ) = lim
n→∞
G(An)(ϕ, ϕ) ≥ 0,
so that ∪∞n=1An = A ∈ B1. Similarly, we see that ∩∞n=1An ∈ B1 for a dereasing sequene (An)
of sets of B1. This shows that B1 is a monotone lass. Sine FP ⊂ B1, it follows from the
monotone lass theore that B1 ontains the σ-algebra generated by FP . But this is B(Ω) by
Lemma 3 (a), so that (11) holds.
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Now (11) and (10) imply that 0 ≤ G(A)(ϕ, ϕ) ≤ ‖ϕ‖2 for any ϕ ∈ V and A ∈ B(Ω). By
polarization, this implies that
sup{|G(A)(ϕ, ψ)| | A ∈ B(Ω), ϕ, ψ ∈ V, ‖ϕ‖ ≤ 1, ‖ψ‖ ≤ 1} <∞.
Sine V is dense, it follows that for eah A ∈ B(Ω), there exists a unique operator E(A) ∈ L(H),
suh that G(A)(ϕ, ψ) = 〈ϕ|E(A)ψ〉 for all ϕ, ψ ∈ V. Now (11) and (10) imply that the map
E : B(Ω)→ L(H) is a semispetral measure.
By (12), limk→∞Enkϕ (A) = Eϕ(A) for all A ∈ FP and eah unit vetor ϕ ∈ V. It follows from
Lemma 3 (b) that for eah unit vetor ϕ ∈ V, the sequene (Enkϕ )k∈N of probability measures
onverges weakly to the probability measure Eϕ. Aording to Proposition 10, this means that
(Enk)k∈N onverges to E weakly in the sense of probabilities. 
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